Abstract. Suppose that K and H are Minkowski Gauss curvature and Minkowski mean curvature respectively on a timelike surface S that is C 2 immersed in Minkowski 3-space E 3 1 . Suppose also that 0 ≡ K < 0 and that S is complete as a surface in the underlying Euclidean 3-space E 3 . It is shown that neither K nor H can be bounded away from zero on such a surface S.
Introduction
The global behavior of timelike surfaces in Minkowski 3-space E 3 1 is not yet fully understood. In particular, the effects of many standard restrictions on mean curvature H or Gauss curvature K are still not known. In this paper, we study the implications of such restrictions on timelike surfaces in E 3 1 that are convex as surfaces in Euclidean 3-space E 3 . A surface S is convex if it is the boundary ∂C of a closed, convex set C with non-empty interior in E 3 . (The Euclidean geometry of such surfaces has been extensively studied.) If 0 ≡ K < 0 on a timelike surface S in E 3 1 that is complete as a surface in E 3 , then S is convex as a surface in E 3 . We exploit this fact to show that if 0 ≡ K < 0 on a timelike surface S in E 3 1 that is complete as a surface in E 3 , then neither H nor K can be bounded away from zero on S. As a corollary, we show that (up to a rigid motion of E 3 1 ) a timelike surface S in E 3 1 must be a circular cylinder or a hyperbolic cylinder in case S is complete as a surface in E 3 with H ≡ constant = 0 and K ≤ 0 on S.
Our result, as it applies to K, can be compared with the Bonnet-Hopf-Rinow theorem, which states that any complete surfaces S in E 3 on which Euclidean Gauss curvature K ≥ constant > 0 must be compact. The conclusions match, since there are no compact timelike (or spacelike) surfaces in E 3 1 . As applied to H, our result can be compared with theorems stating that a complete convex hypersurface in Euclidean n-space E n splits into a product with a non-trivial linear factor if Euclidean mean curvature H ≡ 1 (see [7] and [3] ) or if 1 ≤ H ≤ c for a certain constant c < (n − 1)/(n − 2) (see [8] ), or if 1 ≤ H ≤ (n − 1)/(n − 2) with the upper limit (n − 1)/(n − 2) sharp (see [9] and [10] ). For related results involving spacelike or timelike convex hypersurfaces in Minkowski n-space E n 1 , see [11] .
Entire, spacelike surfaces in E 3 1 that are convex as surfaces in E 3 need not be cylindrical when H ≡ constant = 0. (See [17] .) This is not the only instance in which Euclidean results carry over to spacelike or timelike surfaces in E 3 1 , but not to both. Bernstein's theorem holds in the spacelike case (see [2] and [4] ) but fails in the timelike case (see [5] or [13] ).
It should also be noted that timelike surfaces in E 
with first fundamental form I, unit normal vector field ν, second fundamental form II, Gauss curvature K and mean curvature H given by
with ν, ν = 1 and
since S is timelike. For the imbedding ϕ : U → E 3 , one gets the Euclidean first fundamental form I , unit normal vector field ν , second fundamental form II , Gauss curvature K and mean curvature H given by
Note that (1) and (2) give
. By a cylinder, we mean the set of all points on all lines perpendicular (in the Euclidean sense) to a plane Π in E 3 that intersect a fixed curve γ in Π. A surface C 2 immersed in E 3 with I complete on which K ≡ 0 is a cylinder. (See [6] .) By a convex surface, we mean the boundary ∂C of a closed, convex set C in E 3 with non-empty interior. A surface that is C 2 immersed in E 3 with I complete and 0 ≡ K ≥ 0 is actually imbedded and convex. (See [18] and [16] .) Suppose now that S is a timelike surface C 2 immersed in E 3 1 . It follows from (3) that S is convex and non-cylindrical as a surface in E 3 provided that 0 ≡ K ≤ 0 on S and S is E 3 -complete (meaning that I is complete on S). A subset T of the 2-sphere S 2 in E 3 is convex on S 2 if and only if the shorter great circular arc joining any two non-antipodal points in T lies in T , and at least one great circular arc joining any two antipodal points in T lies in T . For any subset
sends each point p on S to the point on S 2 described by the Euclidean unit normal vector ν to S at p.
The following lemma summarizes known facts.
Lemma 1. Suppose a non-compact, oriented surface S is
as the boundary ∂C of a convex subset C of E 3 with non-empty interior. Let P be a plane through the origin that intersects Int(G (S)) = ∅. Let Σ 1 and Σ 2 be the intersections of G (S) with the closed half spaces of E 3 bounded by P , and let
where S 1 and S 2 are graphs of
Proof. Since Int(G (S)) = ∅, the convex surface S = ∂C is not a cylinder, and C contains no lines. Thus π −1 (p 0 ) ∩ S = ∅ for any p 0 in Int(C ). Since the interior of the convex set C in E 3 lies to one side of any tangent plane to S = ∂C, there are at most two points in π −1 (p 0 ) ∩ S for any p 0 in Int(C ). If π −1 (p)∩S contains exactly one point for a particular p in Int(C ), then π −1 (p 0 ) contains exactly one point for every p 0 in Int(C ). This follows since if C contains the half line starting at π −1 (p) ∩ S in the direction of a vector ξ perpendicular to P , then C also contains the half line starting at any point in π −1 (p 0 ) ∩ S in the direction of ξ for every p 0 in Int(C ).
is the graph of a C 2 function over Int(C ) in P , so that G (S 0 ) lies in one of the two open hemispheres on S 2 bounded by P . This contradicts the assumption that P intersects Int(G (S)), since ν lies on P ∩ S 2 at any point on
It follows that π −1 (p 0 ) ∩ S contains exactly two points for every p 0 in S. Thus π −1 (Int(C )) ∩ S = S 1 ∪ S 2 , with S 1 and S 2 as described in the lemma.
Main results
The next lemma is at the heart of our arguments.
Lemma 3. Suppose that S is a timelike surface
If S is also E 3 complete with K ≡ 0 (making S convex as a surface in E 3 ), then
Proof. Let p be a point on the timelike surface S. With no loss of generality, assume that a neighborhood U of p on S is the graph of a C 2 function x = f (y, z) over an open set U in the y, z-plane, with p = (f (y 0 , z 0 ), y 0 , z 0 ). If β is the angle between ν and the positive z-axis, (2) gives
Note that 2α is the angle between ν and ν at any point on S. By (1) and Lemma 3, one has
Note that (5) establishes the first claim in the lemma, since the choice of p was arbitrary.
Suppose now that S is also E 3 complete with K ≡ 0, so that S is convex as a surface in E 3 . Then U is concave up or concave down with respect to the positive x-axis. With no loss of generality, assume the U is concave up, so that f yy ≥ 0, f zz ≥ 0 and H ≥ 0 on U .
Let γ be the connected curve in U ∩{z = z 0 } given by γ = γ(y) = (f (y, z 0 ), y, z 0 ) with p = γ(y 0 ). The curvature of γ(y) as a curve in E 3 is
and the principal unit normal vector to γ(y) is
If θ is the angle between ν and N(y), then
Thus (7) and (8) give
where k n (γ (y)) is the normal curvature of S at γ(y) in the γ (y) direction. Thus (9) becomes (10) and (11) yield (10) and (11) yield
with (6) giving
But 2H is the sum of normal curvatures in orthogonal tangent directions at any point on S. Thus at any point on γ(y), (14) for w(y) = ν (γ(y)) × γ (y), with both terms non-negative on the right side of (14) . When H ≤ 0, (13) and (14) give
This shows that (12) holds at any point on γ(y), and hence at p. Since p was arbitrary, the second claim in the lemma is established.
In the remainder of this paper, let Π + and Π − denote the planes z = √ 2/2 and z = − √ 2/2 respectively, with
and
There is a unique plane Π(p, q) in E 3 containing the parallel lines tangent to Σ + at p and Σ − at q. Moreover,
is the only great circle on S 2 through p and q that is contained in Σ. Let γ 1 be the shorter great circular arc joining p to q in cl(Ω), and let P 1 be the plane containing γ 1 . The line l p,q through p and q does not pass through the origin, since p and q are not antipodal. Since Int(Ω) = ∅, there is a point m in Int(Ω) which lies off P 1 . Let P be the plane through m containing the line l through the origin that is parallel to l p,q . No point of l p,q lies on P , since otherwise the contradiction P = P 1 would follow. Thus X = {p, q} is contained in one of the open half spaces in E 3 bounded by P . Finally, since P 1 ∩ cl(Ω) = γ 1 contains no pair of antipodal points, and since P converges to P 1 as m approaches γ 1 in Int(Ω), we can choose m so close to γ 1 in Int(Ω) that P ∩ cl(Ω) contains no antipodal points.
Lemma 4. Suppose that
Ω ⊂ R with cl(Ω) convex on S 2 and Int(Ω) = ∅. Let X = cl(Ω) ∩ {Π + ∪ Π − }. Then
there is a plane P through the origin intersecting Int(Ω) that bounds an open half space of E 3 containing X, and contains no pair of antipodal points from cl(Ω).

Proof. Because cl(Ω) is convex on
The cases in which at least one of the sets cl(Ω) ∩ Π + or cl(Ω) ∩ Π − is empty can be handled in a similar way, but with easier arguments.
Theorem. Suppose that S is an E
3 complete timelike surface C 2 immersed in E 3 with 0 ≡ K < 0 (so that S is convex as a surface in E 3 ). Then neither H nor K can be bounded away from zero on S.
Proof. Since K ≡ 0 on S, K ≡ 0 by (3), so that S is not a cylinder. This implies that the closed convex set C in E 3 with S = ∂C contains no lines. By Lemma 1(i), S is homeomorphic to R 2 . By Lemma 1(ii), S is locally the graph of a C 2 function over one of its tangent planes, which we assume, with no loss of generality, to be the y, z-plane, with S lying in the half space {x ≥ 0}. Then G (S) ⊂ R for the subset R of S 2 defined in (16) . By Lemma 1(iii), cl(G (S) ) is a convex subset of S 2 . Thus Lemma 4 applies with Ω = G (S), giving a plane P through the origin with P ∩ Int(G (S)) = ∅, with 
We claim that C cannot be contained between parallel lines l 1 and l 2 in P . Otherwise, S = ∂C would be contained in the closed region bounded by the planes P 1 and P 2 through l 1 and l 2 respectively that are perpendicular to P . Since C is convex, cl(G (S)) would contain antipodal points perpendicular to P 1 and P 2 , and lying in P . This would contradict the fact that P ∩ cl(G (S)) contains no antipodal points, so our claim is verified.
Since S ⊂ {x ≥ 0} is a graph over the y, z-plane, C contains a half line that is not perpendicular to P . Thus Int(C ) contains a half line λ. Since the convex set C in P is not contained between any two lines parallel to λ, one easily argues that for any r > 0, Int(C ) contains a disk of radius r. Let D be a disk of radius 2r contained in Int(C ) and centered at a point c. Let l be the line through c perpendicular to P . Take hold on S 1 . If H or K is bounded away from zero on S, we obtain a contradiction to (17) at p by taking r sufficiently large. This establishes the theorem. Proof. By our theorem, K ≡ 0 must hold on S, making K ≡ 0 and S a cylinder. The corollary then follows by elementary arguments.
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